In this paper, the property and the classification the simple Whittaker modules for the schrödinger algebra are studied. A quasi-central element plays an important role in the study of Whittaker modules of level zero. For the Whittaker modules of nonzero level, our arguments use the Casimir operator of semisimple Lie algebra sl 2 and the description of simple modules over conformal Galilei algebras by R. Lü , V.
Introduction
We denote by Z, Z + , N and C the set of all integers, nonnegative integers, positive integers and complex numbers, respectively.
The Schrödinger group is the symmetry group of the free particle Schrödinger equation. The Lie algebra S of this group in the case of (1 + 1)−dimensional space-time is called the Schrödinger algebra which plays an important role in physics applications (see [1] [2] [3] [4] ). Concretely, the Schrödinger algebra has a basis {e, h, f, p, q, z}, subject to the Lie brackets From the definition, we see that the Schrödinger algebra S can be viewed as a semidirect product S = H ⋊ sl 2 of two subalgebras: a Heisenberg subalgebra H = span{p, q, z} and sl 2 = span{e, h, f }. We also see that S = 2 i=−2 S i is Z−graded, where S −2 = Cf, S −1 = Cq, S 0 = Ch + Cz, S 1 = Cp, S 2 = Ce.
Obviously,
is the Cartan decomposition according to the Cartan subalgebra h = Ch + Cz, where n − = span{f, q}, n + = span{p, e}.
A module V for Schrödinger algebra S is called a weight module if it is the sum of all its weight spaces V λ = {v ∈ V |hv = λv} for some λ ∈ C. Vectors in V λ are called weight vectors. A weight S−module V is called a Harish-Chandra module if all weight spaces are finite-dimensional. A nonzero weight vector v ∈ V is called a highest weight vector if n + v = 0. V is called a highest weight module if it is generated by a highest weight vector v.
Recently, the weight modules for the Schrödinger algebra are deeply studied. In [5] , the irreducible lowest weight modules are classified by using the technique of singular vectors. In [6] , it is proved that all the weight spaces of a simple weight module which is neither a highest weight module nor a lowest weight module have the same dimension. By using the results in [5] and [6] and Mathieu , s twisting functors (see [7] ), the author proved that the Harish-Chandra modules can be twisted from a class of irreducible highest weight modules in [8] . Thus the classification of simple weight modules with finite-dimensional weight spaces are completely obtained: such module is either a dense sl 2 −module (see [9] ) or a highest (lowest) weight module or a module "twisted" from a highest weight module. Moreover, The classification of simple weight modules over the Schrödinger algebra are completed in [10] .
The first series of nonweight simple modules for complex semisimple Lie algebras were constructed by B. Kostant in [11] . These modules were called Whittaker modules because of their connection to Whittaker equation in number theory. D. Arnal and G. Pinczon studied in [12] a generalization of Whittaker modules. Since then the study of property of Whittaker modules over various algebras are open. The prominent role played by Whittaker modules is illustrated by the main result in [13] about the classification of all simple modules for the Lie algebra sl 2 : the simple sl 2 −modules fall into three families: highest (lowest) weight modules, Whittaker modules and a third family obtained by localization. Whittaker modules have many important properties and are studied for many algebras, such as Virasoro algebra, Heisenberg algebras, affine Lie algebras, generalized Weyl algebras, quantum enveloping algebra U(sl 2 ), Schrödinger-witt algebra, generalized Virasoro algebra, twisted HeisenbergVirasoro algebra as well as a class of algebras similar to U(sl 2 ) etc. (see Refs. [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] ).
Moreover, quantum deformation of Whittaker modules and modules induced from Whittaker modules are studied(see Refs. [24] , [25] ).
In this paper, we classify the simple Whittaker modules over the Schrödinger algebra.
In section 2, we give some notations, identities and some lemmas which will be used in the following sections. If V is a simple module over the Schrödinger algebra then z acts as a scalarż, called the level.
In section 3, we study the Whittaker modules of zero level. For simplicity, we first study the Whittaker modules over a subalgebra generated by e, p, h, q, z in subsection 3.1. In subsection 3.2, the classification of simple Whittaker modules of zero level is given. A quasi-central element plays an important role in this part.
In section 4, we use the Casimir operator to study the simplicity of Whittaker modules for semisimple Lie algebra sl 2 first. Then by using the simple Whittaker modules for Heisenberg algebra H and sl 2 , we give the classification of simple Whittaker modules of nonzero level for Schrödinger algebra.
Definitions, identities and some lemmas
In this section, we first give some fundamental definitions and some identities which will be used frequently in this paper. 
For simplicity, we always denote φ(x) byẋ for x = e, p in the following.
We give some useful identities in U(S):
Lemma 2.3 In U(S), the following identities hold:
Proof. We only prove (2.6), the other identities are obvious or can be proved similarly.
Using the binomial formula since L h and adh are commuting, we obtain (2.6). Proof. Suppose φ ′ : n + → C is a Lie algebra homomorphism which is different from φ and
Lemma 2.4 For an arbitrary homomorphism of Lie algebra
and let ≻ be the lexicographic order on N × N × N. Suppose (ī,j,k) is the maximal element of {(i, j, k)|i + j + k = A} and a¯ijk = 1. Then
If φ ′ (x) = φ(x), x = e or p, on one hand, we have
On the other hand, we have
By Lemma 2.3 and identity (2.9), we see that
where b ijk ∈ C. Then the lemma follows from (2.7), (2.8) and (2.10). Proof. We see that {x − φ(x)|x ∈ L + } act locally nilpotent on V since adx acts locally nilpotent on U(L) for any x ∈ L + . Thus for any nonzero submodule W of V and any nozero
Lemma 2.5 Suppose L be a finite-dimensional Lie algebra with the triangular decomposition
(ii) is a direct corollary of (i).
The following result is a direct corollary of Lemma 2.5. 
Whittaker modules of zero level
In this section, we classify the simple Whittaker modules of zero level for the Schrödinger algebra S. For simplicity, we first study the Whittaker vectors and Whittaker modules for the subalgebra S 1 generated by p, q, e, h in subsection 3.1. Then in subsection 3.2, we study the Whittaker S-modules induced from the simple Whittaker S 1 −modules, and determine the classification of simple Whittaker S-modules of zero level. In our study, a quasi-central element (see Lemma 3.5) of U(S) given in [26] plays an important role.
Whittaker modules of zero level for subalgebra S 1
We denote the subalgebra of Schrödinger algebra S generated by {e, p, h, q} by S 1 . The universal Whittaker module of type φ for S 1 is denoted by W φ . Then for any v =∈ W φ , v can be written in the form:
where
, ψ n (x) = 0 and a n = 0. (ii) Ifṗ = 0, the set of Whittaker vectors in W φ is Cw. 
a contradiction.
(ii) For any nonzero vector v ∈ W φ \ Cw, we can assume v = n i=0 a i h i ψ i (q)w, where If n = 0, by (2.2) we see that
Thus v is not a Whittaker vector. Proof. Suppose there exists a scalar ξ such that M is generated by (q − ξ)w. For arbitrary vector v ∈ M, v is of the form
By (e −ė)(q − ξ)w = 0 = p(q − ξ)w and identities (2.2), (2.3) and (2.6) we see that w / ∈ M.
Thus we can assume that
Then by using (2.6) we can easily deduce that w ∈ (U(S 1 )w + M), which means U(
Now suppose M is a maximal S 1 −submodule of W φ and v ∈ M is an arbitrary nonzero vector. Then v must be of the form (3.1). We choose v ∈ M such that n be the minimal.
If n = 0, by (3.2), we see that ψ n (q)w ∈ M, which is contrary to the minimal of n. Thus there exists polynomial 0 = ψ 0 (x) ∈ C[x] such that ψ 0 (q)w ∈ M. Set k = min{deg(ψ(x))|ψ(q)w ∈ M} and choose monic polynomial ψ(x) ∈ C[x] such that deg(ψ(x)) = k and ψ(q)w ∈ M. We see that k > 0 since w / ∈ M. Now we claim that M is generated by ψ(q)w. In fact, for any 0 = v ∈ M with form (3.1), similar as we have done in (3.2), we find that ψ i (q)w ∈ M for all i with a i = 0. Thus ψ(x)|ψ i (x) by the definition of ψ(x) and division algorithm in C[x].
So M = U(S 1 )ψ(q)w. Furthermore, we see that ψ(x) is irreducible since M is maximal, which means there exists a ξ ∈ C such that ψ(x) = x − ξ since ψ(x) ∈ C is monic.
By Lemma 3.2 we see that if φ(e) =ė = 0, φ(p) =ṗ = 0, M ξ is a maximal S 1 −submodule of W φ generated by (q − ξ)w, then the corresponding simple quotient module W φ /M ξ = C[h]w as vector space. We will denote the simple quotient module (ii) This is the direct corollary of Lemma 2.5 and Proposition 3.1 (ii).
Simple Whittaker modules for S of zero level
In subsection 3.1, we obtain all the simple S 1 −modules C[h] ξ φ (whenė = 0,ṗ = 0) and W φ (whenṗ = 0). Forė = 0,ṗ = 0, ξ ∈ C, in the following, we set
In this subsection, we first study the Whittaker vectors and simplicity of the above induced Whittaker modules. Then we classify the simple Whittaker modules of zero level over S. Lemma 3.4 Supposeṗ = 0. Forc ∈ U(S) with formc = f +c, wherec 1 ∈ U(S 1 ), such thatcw is a Whittaker vector, then
where c ∈ C.
. Then by (p −ṗ)cw = 0, we get that
So n = 1 and −qw −ṗa 1 ψ 1 (q)w = 0. Thus
By (e −ė)cw = 0, we get that s = 2 and a 0 b 1ṗ + 2a 0 b 2ṗ q + 1 + 2ė p q = 0. So
From Lemma 3.4, we see that
The following key lemma is from [10] , we will call c a quasi-central element of U(S) :
We denote by U( q, h ) the universal enveloping algebra of the subalgebra generated by
, where ψ i (q, h) ∈ U( q, h ), a i ∈ C, a n = 0,
Proof. Suppose Lemma 3.6 is proved for i ≤ k. By Lemma 3.4 and Lemma 3.5, we have
By induction, Lemma 3.6 holds. 
where a n = 0, ψ k (x) ∈ C[x], ψ n (x) = 0. Then if v is a Whittaker vector, by identities (2.1) and (2.2), we have
By (2.3) and the fact that qw = ξw = 0, we have n = 0. So v can be written by
where k ∈ Z + and a i ∈ C, i = 0, i, · · · , k − 1. Then by using (e −ė)v = 0 and (2.6) we deduce that k = 0, which means v ∈ Cw.
(ii) By Lemma 3.5, we see that every nonzero vector of C[c]w is a Whittaker vector.
For any Whittaker vector v ∈ W φ , there exists 0 = u = n i=0 a i ψ i (q, h)f i ∈ U(S) with deg f (u) = n such that v = uw. If n = 0, by Proposition 3.1(ii), we see that ψ 0 (q, h) ∈ C * , so v ∈ Cw ⊆ C[c]w. Suppose for n ≤ k we have proved that v ∈ C[c]w. Now we begin to investigate the case of n = k + 1. Using (p −ṗ) and (e −ė) to act in turn on v, we can easily deduce that ψ k+1 (q, h) ∈ C * . For simplicity, we can assume that a k+1 = 1 = ψ k+1 (q, h). So by Lemma 3.6, we see that
Then, by induction, Proposition 3.7 holds. (ii) Ifṗ = 0, for any a ∈ C, the Whittaker module W φ has the following filtration:
where W i is a Whittaker submodule defined by
Proof. (i) follows from Corollary 2.6 and Proposition 3.7.
(ii) Supposeṗ = 0. By Lemma 3.6, we see that for any 0 = v ∈ W φ \ W 1 , there exists
and U(S)v + W 1 = W φ , which means W 1 is a maximal submodule of W φ .
By Lemma 3.5 and Lemma 3.6, for any element v ∈ W i , v is of the form
where n ≥ i, ψ n (q, h) = 0. Define linear map:
It is easy to see that g is a module homomorphism and ker(g) = W i+1 , which means that
In (i) If φ satisfies φ(e) =ė = 0, φ(p) =ṗ = 0, let V 1 ⊆ V be the S 1 -module generated by w v . Then as S 1 -module, V has the following direct sum decomposition:
Since V is simple as S−module, we see that V 1 is simple as S 1 -module. Then by Proposition (ii) If φ satisfies φ(p) =ṗ = 0, by Proposition 3.7 (ii), for n ∈ Z + and x = e or p we have (ii) We need only to prove the necessity. By Lemma 3.9, we get φ ′ = φ immediately.
′ is the module isomorphism such that g(w) = g(w). Then we have
that is a ′ = a. 
Whittaker modules of nonzero level
In this section, we classify the simple Whittaker modules of nonzero level. Our arguments use the Casimir operator of semisimple Lie algebra sl 2 and the description of simple modules over conformal Galilei algebras in [24] . The following proposition is from [15] , it can also be checked easily: + c for some c ∈ C.
(ii) For any a ∈ C, i ∈ N, there exists ψ 0 (x), ψ 1 (x), · · · , ψ i (x) ∈ C[x] such that f i w = 1 (4ė) i (Ω − a) i w + ψ 1 (h)(Ω − a) i−1 w + · · · + ψ i−1 (h)(Ω − a)w + ψ i (h)w,
where Ω = 4f e + 2h + h 2 is the Casimir element of sl 2 .
Proof. (i) AssumeΩ = f + n i=0 a i h i , a n = 0 andΩw is a Whittaker vector. By (e−ė)Ωw = 0 and (2.6), we can easily get thatΩ = f + h 2ė
+ c for some c ∈ C.
(ii) By (i) and the fact that Ω ∈ Z(sl 2 ), the center of U(sl 2 ), we have 
